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We examine the RG flow of a candidate c-function, extracted from the holographic entanglement
entropy of a strip-shaped region, for theories with broken Lorentz invariance. We clarify the condi-
tions on the geometry that lead to a break-down of monotonic RG flows as is expected for generic
Lorentz-violating field theories. Nevertheless we identify a set of simple criteria on the UV behavior
of the geometry which guarantee a monotonic c-function. Our analysis can thus be used as a guiding
principle for the construction of monotonic RG trajectories, and can also prove useful for excluding
possible IR behaviors of the theory.
Introduction: A long-standing question in quantum
field theory has been whether one can identify a suitable
function which decreases monotonically along RG trajec-
tories from the ultraviolet (UV) to the infrared (IR). In
two dimensions the existence of such a ‘c-function’ is well
known [1], and its value at the fixed points of the RG flow
– where the theory becomes conformal – matches the cen-
tral charge of the corresponding CFT. Zamolodchikov’s
c-theorem then leads to cUV ≥ cIR, which reflects the de-
crease in the effective number of degrees of freedom as one
goes to lower energies. More recently we have seen the
emergence of interesting connections between c-theorems
and the behavior of entanglement entropy SEE . These
are particularly relevant to the realm of condensed matter
physics, since SEE can be an order parameter for quan-
tum phase transitions and topological phases – it plays
a crucial role in describing e.g. the physics of confine-
ment/deconfinement transitions and fractional quantum
Hall systems.
For a 2D CFT, the entanglement entropy for an inter-
val of length ℓ is S CFTEE =
c
3 log
(
ℓ
ǫ
)
+ · · · , where c is the
central charge, ǫ a UV regulator, and we are neglecting
a term independent of ℓ. For a QFT one can then define
a c-function [2, 3] from SEE via the prescription
c2D = 3ℓ
dSEE(ℓ)
dℓ
, (1)
which is guaranteed to flow monotonically by the strong
subadditivity of SEE combined with Lorentz symmetry
and unitarity of the underlying QFT. Much efforts have
gone into attempts to extend the c-theorem beyond two
dimensions, with a proof for three- and four-dimensional
theories that preserve Lorentz invariance appearing only
recently [4–6]. AdS/CFT has allowed to recast these
questions in a gravitational context, and there is by now
a well-established recipe for computing the entanglement
entropy holographically [7, 8] (see e.g. [9, 10] for some
reviews).
Given that a wide range of physical systems (notably
in condensed matter physics) exhibit broken Lorentz in-
variance, it is of clear interest to investigate to what ex-
tent one can recover monotonic flows in such settings.
For weakly coupled, Lorentz-violating field theories, the
fact that entanglement does not generally decrease mono-
tonically under RG flows was stressed recently in [11].
Here we are interested in exploring the same question
but within the context of holography, as to probe the
strongly coupled regime of the underlying field theory.
We ‘geometrize’ the question of the existence of a
monotonic c-function – extracted from holographic com-
putations of SEE – by imposing null energy conditions
(NEC) on the matter content of the bulk theory which
is assumed to describe Einstein gravity. Our analy-
sis – while by no means exhaustive – clarifies under
what conditions on the geometry one should find the ex-
pected breakdown of monotonicity in theories that vio-
late Lorentz invariance. We also identify sufficient con-
ditions on the asymptotic UV behavior of the geome-
try, under which the c-function is guaranteed to decrease
monotonically along the entire RG flow. Interestingly,
certain scaling solutions describing theories with a dy-
namical critical exponent and hyperscaling violation obey
such conditions.
Entanglement entropy and RG flows: We are
interested in examining the behavior of a candidate c-
function (extracted from the entanglement entropy) in
holographic models involving Einstein gravity and bro-
ken Lorentz invariance. We assume that the field the-
ory is d-dimensional, and for the purpose of comput-
ing SEE we consider for simplicity a strip-shaped re-
gion, whose entangling surface is described by two par-
allel (d− 2)-dimensional planes a distance ℓ apart. For a
d-dimensional CFT one then has
S CFTEE = αd
Hd−2
ǫd−2
− 1
(d− 2)βdCd
Hd−2
ℓd−2
, (2)
2where αd, βd are numerical factors and the size of the
planes H ≫ ℓ can be thought of as an infrared regulator.
The first term encodes the standard area law, while the
coefficient Cd of the second term is related to a central
charge of the CFT, and can be extracted via
Cd = βd
ℓd−1
Hd−2
∂S CFTEE
∂ℓ
. (3)
In analogy with (1), this suggests a natural identification
[8, 12] for a candidate c-function along the RG flow
cd ≡ βd ℓ
d−1
Hd−2
∂SEE
∂ℓ
, (4)
where SEE denotes the holographic entanglement entropy
and from (3) we have cd = Cd at the RG fixed points.
We would like to probe the monotonicity of the c-
function (4) for geometries that admit Lorentz violation.
To this end, we parametrize the metric by
ds2d+1 = −e 2B(r)dt2 + dr2 + e 2A(r)d~x2, (5)
with the choice A = B recovering Lorentz invariance. In
these coordinates, the Poincare´ patch of AdS corresponds
to A(r) = B(r) = r/L, with L the AdS radius. Defining
f ≡ −eA−BA′ ,
g ≡ eB+(d−1)A(B′ −A′) , (6)
the NEC for (5) can be written [13, 14] as
f ′ =
[−eA−BA′]′ ≥ 0 , (7)
g ′ =
[
eB+(d−1)A(B′ −A′)
]′
≥ 0 . (8)
The holographic entanglement entropy for a strip-
shaped region is determined by minimizing
SEE = 4πM
d−1
p H
d−2
∫ rc
rm
dre(d−2)A
√
1 + x′2e2A (9)
with respect to the trajectory x(r). Here x′ ≡ dx/dr, rc
is a fixed UV cutoff, and rm is the radius of the turn-
ing point where x′(rm) = ∞. Noting that (9) does not
depend explicitly on x, we find a conserved quantity
Kd ≡ e−(d−1)A(rm) = e−dA
√
e2A +
1
x′2
, (10)
Using this we may rewrite SEE and ℓ explicitly as func-
tions of rm:
SEE =
4πHd−2
ℓd−1P
∫ rc
rm
dr
e(d−2)A√
1− e−2(d−1)(A−A(rm)) ,
ℓ = 2
∫ ∞
rm
dr
e−A√
e2(d−1)(A−A(rm)) − 1 , (11)
where ℓP is the Planck length.
We follow the strategy of [12] and calculate the running
of cd as a function of rm. Making use of the chain rule
∂SEE
∂ℓ =
dSEE
drm
/ dℓdrm , one then finds the simple form
dcd
drm
∝ −A
′(rm)
Kd
∫ ℓ
0
dx
A′′
A′2
. (12)
Here and throughout the paper we use ∝ to mean ‘pro-
portional with positive coefficients.’ We will not repeat
the derivation of (12) here, but refer interested readers
to [12] for details. We mention that all that is assumed
in deriving (12) is that A(r) →∞ as r →∞ in the UV,
as well as
edA(r)A′(r)→∞ as r→∞ . (13)
The criterion for a monotonic c-function is that dcd/dℓ
should have a definite sign, and in particular it should
be negative (or zero for trivial flows) in this setup. In
fact, we will recover the standard Wilsonian RG intuition
provided that dcd/drm ≥ 0. This statement relies on
having dℓ/drm ≤ 0, which is true for minimal surfaces1
as argued in [12], under the assumption that A′ ≥ 0 and
ℓ→ 0 as rm →∞ , (14)
where ℓ is determined by (11). Here we will always as-
sume that the UV behavior of the geometry satisfies (13)
and (14). The nontrivial task is then to fix the sign of
dcd/drm, by fixing those of A
′(rm) and A
′′ in (12). This
is the main topic of our paper.
In the Lorentz-invariant case A = B studied in [12],
A′′ is non-positive according to the NEC (7). The sign
of A′ can be fixed if one assumes that the geometry is
asymptotically AdS, so that A ≈ r/L in the UV and
A′UV = 1/L. Combining this UV condition with A
′′ ≤ 0
then guarantees that A′ is everywhere positive. It is clear
that we may relax the asymptotically AdS condition as
long as A′UV ≥ 0. Under this condition we then have
dcd/drm ≥ 0, ensuring a monotonic c-function under a
Lorentz-invariant RG flow.
We are now ready to generalize the argument to the
Lorentz-violating case (5). Note that while the holo-
graphic entanglement entropy – from which the candi-
date c-function (4) is defined – is insensitive to B(r), the
NEC (7) and (8) depend nontrivially on it. We find it
1 Although there may be extremal surfaces with dℓ/drm > 0, they
cannot be minimal surfaces because we can always find another
extremal surface with the same ℓ but a larger rm, which has a
smaller area and satisfies dℓ/drm ≤ 0.
3useful to express (12) in terms of f and g,
dcd
drm
∝ −A
′(rm)
Kd
∫ ℓ
0
dx
A′′
A′2
=
A′(rm)
Kd
∫ ℓ
0
dx
1
A′2
[
f ′eB−A + f g e−dA
]
. (15)
The second term ∼ f g encodes the breaking of Lorentz
invariance, as g vanishes when the symmetry is restored.
As before, to discuss monotonicity we need to determine
the sign of the integrand
f ′eB−A + f g e−dA (16)
as well as that of A′(rm). It is useful to keep in mind that
A′(r) and f(r) have opposite signs, as is visible from (6).
We note that condition (7) ensures that the first term
in the integrand (16) is always non-negative. Therefore,
the conditions
f(r) g(r) ≥ 0 and A′(r) ≥ 0 (17)
will guarantee that dcd/drm ≥ 0 and hence a monotonic
flow for the c-function. While this is a sufficient con-
dition for monotonicity, it is certainly not necessary. A
monotonic flow with c IRd < c
UV
d may still be possible
when f g < 0, but in that case one needs to determine
whether the first term in (16) is strong enough to over-
come the second one so that A′′(r) ≤ 0 (again assuming
A′ ≥ 0). Strictly speaking, this is not required for all
values of r; as long as the integral in (15) is non-negative
along the entire RG flow the c-function is monotonic. In
this sense, SEE ‘averages out’ any sufficiently small vio-
lations of NEC.
Finally, note that a necessary condition for violations
of monotonicity is that the integrand (16) changes sign
at some intermediate location. However, in order for (17)
and conditions of this type to be useful one needs to know
the entire geometry – either analytically or numerically.
Since often only the asymptotic behaviors of the solutions
are known, we would like to rephrase these conditions
entirely in terms of the UV (or IR) data, when possible.
UV criteria for monotonicity: For simplicity let us
start from the special case where f is a constant along
the RG flow, so that f ′ = 0. The integrand (16) will
have a definite sign – making cd monotonic – as long as g
does not change sign along the RG trajectory. Recalling
g′ ≥ 0 from (8), this will be guaranteed to be the case
when gUV ≤ 0, or alternatively when gIR ≥ 0. More
information is needed, however, to know whether cd will
increase or decrease along the flow.
First, note that having
f = const ≤ 0 and gUV ≤ 0 (18)
is a sufficient condition for a monotonic flow with
dcd/drm ≥ 0, since it ensures that (17) is satisfied. Sec-
ond, when
f = const ≤ 0 and gIR ≥ 0 (19)
the candidate c-function will still flow monotonically but
this time in the ‘wrong direction,’ increasing towards the
IR. This will be the case e.g. for a black hole solution of
the form
ds2d+1 = L
2
[
−ρ2h(ρ) dt2 + dρ
2
ρ2h(ρ)
+ ρ2d~x2
]
(20)
for which (after an appropriate change of coordinates)
we find f = −1/L and gIR ∝ ρd−1h T , where ρh is the
horizon radius and T the temperature. Note that gIR is
guaranteed to be positive (or zero for the extremal T = 0
case). The 4D Reissner-Nordstrom AdS black hole falls
into this category, with h(ρ) = 1 + µ
2
ρ4 − 1+µ
2
ρ3 and µ the
chemical potential. Similar behaviors can be seen in the
analytical black hole solutions found in [15]. In that case
f ′ > 0 but f g < 0, and the second term in (16) always
dominates over the first, forcing (16) to be negative along
the RG flow (with also A′ > 0). Once again we find a
monotonic flow with the wrong sign. This naive increase
in the degrees of freedom towards the IR may simply be
an indication that SEE approaches the thermal entropy
for large ℓ.
We now relax the assumption of constant f , and go
back to considering solutions that are completely generic.
We want to examine the relations (17) which guarantee
dcd/drm ≥ 0, and ask when they can be realized. In
general, the conditions (7) and (8) do not constrain the
signs of f and g. However, if additionally
fUV ≤ 0 and gUV ≤ 0 (21)
then the NEC imply that both f and g are non-positive
along the entire RG flow. Thus, whenever (21) holds,
f g ≥ 0 everywhere and the candidate c-function behaves
as it should, decreasing monotonically towards lower en-
ergies (A′(rm) ≥ 0 immediately follows from f ∝ −A′).
Note that this argument relies only on the UV data and
is entirely insensitive to what happens in the IR. We em-
phasize once again that while (21) is a sufficient condition
for monotonicity, it is certainly not necessary.
We now study specific cases in which the geometry may
satisfy (21). If we have pure AdS in the UV (but allow
for generic Lorentz-violating geometries in the IR), then
A = B = r/L in some finite neighborhood of the UV,
giving fUV = −1/L and gUV = 0, which automatically
satisfy (21). This can happen in models where Lorentz
invariance is broken only by sources such as matter den-
sities that sit deep in the bulk and do not extend to the
4boundary, so that beyond such sources the UV geometry
is pure AdS.
On the other hand, if the geometry is only asymptoti-
cally AdS, subleading corrections to the UV metric may
give non-negligible contributions to gUV . Let us write
these corrections as
e2A(r) = e2r/L
[
1 + γAe
−pr/L + · · ·
]
,
e2B(r) = e2r/L
[
1 + γBe
−pr/L + · · ·
]
, (22)
where γA and γB are coefficients that encode the lead-
ing deviation from pure AdS in the UV. In other words,
we assume that the theory goes to a UV fixed point
where Lorentz invariance is preserved, but it can be bro-
ken along the RG flow, with the breaking encoded as
γA 6= γB. The fall-offs can be determined from the be-
havior of the equations of motion near the UV boundary.
In particular, in the absence of sources we have p = d
and the coefficients γA, γB are the VEVs of components
of the dual stress tensor – respectively, 〈Tii〉 and 〈T00〉.
Plugging (22) into the definition of g, we find
g(r) =
p
2L
(γA − γB) e(d−p)r/L + · · · . (23)
We first note that if p > d we may safely conclude that
gUV = 0 and we have a monotonic flow. If p ≤ d, in
order to ensure that gUV ≤ 0 we require
γA − γB < 0 . (24)
Note that if γA = γB we may need to consider more sub-
leading corrections in (22). The NEC g′ ≥ 0 combined
with (24) means that p ≥ d, so we have to consider cases
with no source here. Finally, f ′ to leading order is
f ′(r) =
p
2L2
[(γA − γB)− pγA] e−pr/L + · · · , (25)
telling us that the NEC f ′ ≥ 0 requires
γA − γB ≥ p γA . (26)
Geometries that approach asymptotically AdS in the UV
automatically satisfy conditions (13) and (14). Thus, if
we further satisfy the constraints (24) and (26), we will
be guaranteed a monotonic flow for the c-function.
We should mention that there are models in which the
sufficient condition (21) clearly cannot be satisfied. For
example, if a solution which breaks Lorentz invariance
at some energy scale flows to AdSd+1 in the IR, then we
necessarily have gIR = 0, from which we deduce that g ≥
0 along the entire RG flow. Since at the scales where the
solution is Lorentz-violating g 6= 0, we must have gUV >
0, violating (21). However, this does not automatically
imply that the c-function is not monotonic, since (21) is
only a sufficient condition.
A similar argument implies that (21) cannot be satis-
fied if the solution flows to a Lifshitz fixed point in the
IR. This can be easily seen by introducing an effective
Lifshitz parameter zeff ≡ B′/A′ as done in [14], which
reduces to z at the fixed points of the flow. Our condi-
tion (21) can be shown to imply zeff ≤ 1 along the RG
flow. At a Lifshitz fixed point, however, the NEC forces
z > 1. Thus (21) cannot be satisfied. We expect this
conclusion to change if in the IR one allows for hyper-
scaling violation (θ 6= 0) in addition to Lifshitz scaling.
In particular, we anticipate that {z, θ} scaling solutions
which approach AdS in the UV can satisfy (21) for appro-
priate parameter ranges. This may be checked explicitly
(numerically) by using e.g. the solutions of [17, 18].
To partially motivate this statement, we conclude by
showing that geometries which exhibit both Lifshitz scal-
ing and hyperscaling violation can indeed obey (21). For
these scaling solutions the metric is
A(r) =
(
1− d− 1
θ
)
ln
(
θ
d− 1 r
)
,
B(r) =
(
1− z(d− 1)
θ
)
ln
(
θ
d− 1 r
)
, (27)
from which we find
f =
(
d− 1
θ
− 1
)(
θ
d− 1 r
) (d−1)(z−1)
θ
−1
,
g = − (d− 1)(z − 1)
θ
(
θ
d− 1 r
)− (d−1)(d−1+z−θ)
θ
. (28)
Imposing the NEC we recover the usual constraints [16]
(d− 1− θ) [(d− 1)(z − 1)− θ] ≥ 0 ,
(z − 1)(d− 1 + z − θ) ≥ 0 . (29)
However, we can require further that f ≤ 0 and g ≤ 0,
which, combined with (29), become
d− 1− θ
θ
≤ 0, (d− 1)(z − 1)− θ
θ
≤ 0,
z − 1
θ
≥ 0, d− 1 + z − θ
θ
≥ 0. (30)
These conditions – and therefore (21) – are satisfied if
1 ≤ z ≤ 2d− 2
d− 2 , (31)
(d− 1)max{1, z − 1} ≤ θ ≤ d− 1 + z , (32)
where we implicitly assumed d ≥ 2. Further imposing the
conditions (13) and (14) gives an additional constraint
d
(
1− d− 1
θ
)
> 1 ⇔ θ > d . (33)
5Thus, we have identified a class of geometries which
obey the sufficient condition (21), ensuring that the c-
function decreases monotonically towards the IR. While
one should keep in mind that exact hyperscaling violat-
ing solutions are not RG fixed points, similar arguments
should apply to geometries which exhibit {z, θ} scaling
only in some intermediate regime. Note however that our
metric ansatz (5) does not allow us to study the spatially
modulated instabilities [19, 20] expected to arise in the
deep IR of some of these scaling solutions.
As we have seen, the candidate c-function that we
extracted from entanglement does not always decrease
monotonically under RG flows in quantum field theo-
ries that violate Lorentz invariance. However, in cer-
tain cases it is still possible to identify simple criteria on
the asymptotic behavior of the geometry that will en-
sure monotonicity. Such criteria can then be valuable
guiding principles for the construction of monotonic RG
trajectories – especially for cases in which the breaking
of Lorentz invariance occurs deep in the bulk, where new
non-trivial phases may emerge. Conversely, the mono-
tonicity of the c-function can also be useful for excluding
possible IR behaviors of the theory.
While we have restricted our attention to the entangle-
ment entropy of a strip-shaped region (which allows for
analytical computations), it would be valuable to extend
our arguments to spherical regions as well as more gen-
eral shapes. Finally, it would be interesting to explore
how our analysis compares to the expectations of [11] for
weakly coupled field theories, and to the monotonic flows
between Bianchi attractors which were recently identified
in [21] (although in a different context).
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